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Sphere Packings Give an Explicit Bound for the
Besicovitch Covering Theorem

By John M. Sullivan

ABSTRACT. We show that the number of disjointed families needed in the Besi-
covitch Covering Theorem equals the number of unit spheres that can be packed
into a ball of radius five, with one at the center, and get estimates on this number.

1. Introduction

One of the most useful covering theorems for analysis is that first proved in the plane by Besi-
covitch [Bes]. If we have some ball around each point of a set, we can replace this covering by a
union of several disjointed subcoverings. Federer [Fed,§2.8.14] extended the result of Besicovitch
to a quite general measure-space setting. In this note, we work in Euclidean spaceR

n, and sim-
plify Federer’s argument considerably. This allows us to compute the number of disjointed families
needed in terms of a question about packing spheres into a larger ball.

Many of the results here originally appeared in the author’s 1990 dissertation [Sul,§1.2], where
the Besicovitch coverting theorem was needed several times in conjunction with smoothing out an
integral current to have small curvatures. These smoothing results formed the basis of an algorithm
to find area-minimizing surfaces. When we use arguments from analysis to justify the convergence
of practical algorithms, we care about getting bounds which are at least close to optimal.

Papers of Bateman and Erdös [BE] and of Reifenberg [Rei] have recently been brought to my
attention. These prove our main result in the special case of the planeR

2. Also, Krantz and Parsons
[KP, EGKP], and independently Loeb [Loe], have proved variations of the Besicovitch theorem
for arbitrary metric spaces and for arbitrary norms onRn, respectively. In each case, the constant
is related to some packing question, but the bound is not as good as ours. Most recently Füredi
and Loeb [FL] have shown (independent of our work) that our theorem in Section 2 holds also for
arbitrary norms.
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2. The Besicovitch constant

We begin with some definitions needed for the proof of the Besicovitch theorem.

Definition. We letB(x, r) denote the closed ball of radiusr around the pointx ∈ Rn. We
work always with coverings by such closed balls, with bounded radiir. Clearly the center ofB(y, s)
is outside the ballB(x, r) iff the distance between the centers satisfiesd := |x − y| > r. Givenε,
we will say thatB(y, s) is ε-almost centered outsideB(x, r) iff d ≥ r − εs.

Definition. A family of sets is calleddisjointedif its members are (pairwise) disjoint. We
call a familyC of ballsε-controlledif each ball ofC is ε-almost centered outside each other ball.
Note thatC is 0-controlled iff each center is outside the other open balls. A member ofC is almost
smallestif its radiusr0 is within a factor of1 + ε of the infimum of radii of balls inC, that is,
r0 ≤ (1 + ε) infC r. We defineβn(ε) to be the maximum cardinality of aε-controlled family of
balls, all of which intersect some almost smallest member of the family.

Remark. Note that the functionβn(ε) is monotonic inε, since anε-controlled family is
also ε′-controlled forε′ < ε. Also, this function is upper semicontinuous (continuous from the
right) since a family that isε′-controlled for allε′ > ε is alsoε-controlled. (If we had used strict
inequalities liked < r − εs in the definition, we would instead get lower semicontinuity.)

The Besicovitch covering theorem says that if we cover some setA with a ball centered at each
point ofA, then we can replace this by a subcover which is the union of a certain finite number of
disjointed families, and still covers all ofA. We will prove in Section 6 that the Besicovitch covering
theorem is valid for any numberβn(ε), ε > 0. Thus it is true for

βn := βn(0) = lim
ε→0+

βn(ε),

which we will call the Besicovitch constant forRn. In this section and the next, we will find bounds
for βn by relating it to a sphere packing problem.

Definition. Given a radiusr, let δ̂n(r) denote the largest number of (open) unit balls inRn

which can be packed into a ball of radiusr + 1, andδn(r) denote the number that can be packed
into the same ball with the requirement that one be at the center.

Remark. It is clear thatδn(r) ≤ δ̂n(r). Also, each of these functions is nondecreasing and
upper semicontinuous inr. For r < 2, we haveδn(r) = 1, and if r < 1 then δ̂n(r) = 1 as
well. We could also definêδn(r) as the maximum number of points that can be placed at mutual
distances at least one within a (closed) ball of radiusr/2 (and similarly forδn(r)). The functionδ2
was introduced in [BE], which proves the following proposition in the casen = 2.
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Figure 1. When we shrink two balls to have radius1, and bring them in to be centered at distance2, they still
fail to contain each others centers. (a) Here we see the original and new balls, together with triangles through
their centers and the origin. (b) The triangles are redrawn with edge lengths labeled, to show thatd > 1 because
the original distancec was more thanr.

Theorem. In any dimensionn, the constantβn equalsδn(4), the number of balls that can
be packed into a ball of radius5, with one at the center.

Proof. Remember thatβn is the maximum cardinality of a0-controlled familyC, that is,
a family of closedballs all intersecting some smallest member of the family, such that each one’s
center lies outside the otheropenballs. Given such a familyC, scale so that the smallest member
in question is the unit ballB0 = B(0, 1). Now we claim that we can replaceC by a family of unit
balls centered within distance2 of the origin, where this new family is still0-controlled.

To do this, just replace each ball ofC by the unit ball with the same center, if this is within2
units of the origin, or by the unit ball centered at distance2 along the same ray from the origin, if
the original distance was greater. Since all the original balls intersectedB0 and had radius at least
1, each new ball is a subset of the one it replaces. They all still intersectB0, and we need merely
check that the centers are still outside the other balls.

Since this was true originally, balls whose centers stay fixed are still centered outside the other
balls. But once all balls have the same radius, the relation “centered outside” is symmetric, so a
center that gets moved is still outside all the fixed balls. Thus we only need to consider the case
when two balls were moved, that is, when we had two balls centered at distances1 + r and1 + s
from the origin (where1 < s ≤ r). Their radii were at leastr ands, so the distancec between their
centers was at leastr, as in Figure 1. By the law of cosines, the angle at the origin in this triangle
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has cosine

cos(θ) =
(1 + r)2 + (1 + s)2 − c2

2(1 + r)(1 + s)

≤ (1 + r)2 + (1 + s)2 − r2

2(1 + r)(1 + s)
= 1− 2rs− s2

2(1 + r)(1 + s)

≤ 1− 1
2

r

1 + r

s

1 + s
≤ 1− 1

8
.

But 7/8 is exactly the cosine of the angle in a triangle with sides(2, 2, 1), so the new distanced is
greater than1, and we are done.

If we now shrink each of the new balls by a factor of2, the resulting (open) balls are disjoint.
Scaling the whole picture back up by a factor of2, we have a packing of unit balls. All their centers
are at radius at most 4, so they are all contained in a ball of radius5.

Remark. In fact,βn(ε) has a discontinuity atε = 0 iff δn(r) has a discontinuity atr = 4.
But we have defined both of these functions to be semicontinuous, so the values atε = 0 andr = 4
are what concern us. A discontinuity would mean that the packing described byδn was rigid; this
happens trivially forn = 1, but it seems unlikely that it would happen for any largern.

3. Reduction to spherical codes

An easy volume estimate shows thatδ̂n(r) ≤ (r+1)n, so the theorem of Section 2 implies that
βn < 5n. But we can do much better by studying spherical codes, which are good arrangements of
caps on spheres. (See [CS] for a good introduction to these and other packing problems.)

The following lemma is proved by an argument similar to the one in the last section; it shows
that the balls counted byδn can be divided into shells.

Lemma. If two disjoint unit balls are centered within the spherical shellr̃ ≤ |x| ≤ r, where
r̃ = r − 4/r, then if we translate them both radially outwards to be centered on the sphere|x| = r,
they will still be disjoint.

Proof. The definition ofr̃ makes it the distance shown in Figure 2: using the law of cosines
on the two triangles shown gives(2r2− 22)/2r2 = (r2 + r̃2− 22)/2rr̃, which yieldsr̃ = r− 4/r.
Sincer̃ is an increasing function ofr, we may assume without loss of generality that one ball is
already centered at the pointp on the outer sphere. Then the centerq of the other ball is at distance
at least2 from p (and at least̃r from the origin), so it cannot be anywhere inside the triangle shown
in the figure. Thus whenq is moved out to radiusr, the centers will be more than distance2 apart,
and the balls will be disjoint.

Definition. Let M(n, r) denote the number of disjoint unit balls that can be placed with
centers on the sphere of radiusr in Rn. Also letA(n, φ) be the number of spherical caps of angular
diameterφ that can be packed on a unit sphereSn−1. Note thatM(n, r) := A(n, 2 arcsin 1

r ).
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Figure 2. Balls packed in a thin shell can be moved to the outer boundary. If two balls are at distances between
r̃ andr from the origin, wherẽr = r− 4/r as in this figure, then they can both be placed at distancer and still
won’t overlap.

Theorem. We have the following bounds onδn(r) above and below:

M(n, r) + δn(r − 2) ≤ δn(r) ≤ M(n, r) + δn(r − 4/r).

Proof. Suppose we haveδn(r) balls packed into the ball of radiusr + 1. The lemma shows
that any balls centered betweenr̃ := r − 4/r andr can be pushed out to lie at radiusr; they will
remain disjoint. This establishes the upper bound. The lower bound comes from the fact that no ball
centered at radiusr − 2 can intersect one centered at radiusr.

Remark. This upper bound is useful only for relatively smallr, since for larger there is
little difference betweenr and r̃. For r = 4, however, applying the theorem recursively gives the
following useful corollary.

Corollary. The Besicovitch constant is bounded by

M(n, 4) +M(n, 2) + 1 ≤ βn ≤M(n, 4) +M(n, 3) + 1,

while δ̂n(4) ≤M(n, 4) +M(n, 3) +M(n, 5/3).

4. Review of upper bounds of spherical codes

Definition. Most of our bounds will show exponential growth. We say that a functionf(n)
grows exponentially to baseb (asn→∞) if

log b = lim
n→∞

1
n

log f(n).

This means thatf(n) = (b± o(1))n, and thatf(n) = O ((b+ ε)n) for all ε > 0. However,f is not
necessarilyΘ(bn): we could be off by any polynomial factor.
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An easy, coarse upper bound forM(n, r) can be obtained by comparing the surface area of the
large sphere to the areas of the flat disks within each unit ball (the flattened versions of the caps).
We find that

M(n, r) ≤ rn−1 nαn
αn−1

,

whereαn is the volume of the unitn-ball. This grows exponentially to baser, because it does not
account for the fact that the caps cannot be packed densely. Rankin [Ran] got a better result by
considering a smoothed density around each cap, not just its characteristic function. He got exact
results forr ≤

√
2, and showed that for fixedr >

√
2 and largen,

M(n, r) ≤
√
πn3

2
4
√

1− 2/r2

(
r√
2

)n−1

(1 + o(1)).

This grows exponentially to baser/
√

2. More recent work with “linear programming bounds”
[Sid, KL] has improved the exponential order of growth slightly beyond this. Levenshteı̆n’s bound
[Lev] has the best asymptotics asn → ∞, and also gives good results for specific small values
of n. The bound says thatM(n, r) < B(n, 1 − 2/r2), whereB is calculated in terms of Gegen-
bauer’s orthogonal polynomials. The following code (written in Mathematica [Wol]) performs the
calculation:

P[m_,i_,t_] := GegenbauerC[i,(m-1)/2,t] / GegenbauerC[i,(m-1)/2,1]
pp[m_,i_,t_] := P[m,i+1,t] - P[m,i,t]

xi[m_,1] := -1; xi[m_,k_] := t/. FindRoot[P[m+2,k-1,t],{t,1}]
eta[m_,k_] := t/. FindRoot[pp[m,k,t], {t,{xi[m,k],xi[m,k+1]}}]

bb2km1[m_,s_,k_] := 1/(s-1) pp[m,k-1,s]/P[m,k,s]
b2km1[m_,s_,k_] := Binomial[k+m-2,m-1] ((2k+m-2)/m - bb2km1[m,s,k])
bb2k[m_,s_,k_] := (s+1)/(s-1) pp[m,k,s]/(P[m,k,s]+P[m,k+1,s])
b2k[m_,s_,k_] := Binomial[k+m-1,m-1] ((2k+m)/m - bb2k[m,s,k])

B[n_,s_,k_] := If[ s<eta[n-1,k], b2km1[n-1,s,k],
(*Else*) If[s<xi[n-1,k+1], b2k[n-1,s,k],
(*Else*) B[n,s,k+1] ]]

B[n_,s_] := B[n,s,1]

For largen, one can use asymptotic analysis to show that this implies

1
n

logA(n, φ) ≤ (1 + o(1)) f

(
1− sinφ
2 sinφ

)
,

wheref(x) := (x+1) log(x+1)−x log x. This bound can actually be strengthened [KL, (55)] for
small enoughφ by a comparison betweenA(n, φ) andA(n+ 1, ψ) whereψ > φ. This comparison
shows that, forr > 1.915,M(n, r) grows exponentially to base at mostcr, wherec < 0.6602.

Note that a lower bound forA(n, φ) can be obtained by doubling the angular radius of each
cap in a packing, toφ. If this is not now a covering of the sphere, we see we could have added a
new cap to the original packing. So repeating the volume estimate we used for our crudest upper
bound, and using the fact that for largen (or smallφ) the area of a cap is hardly more than that of
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n 3 4 5 6 7
M(n, 3) 31 96 271 730 1904
M(n, 4) 57 234 887 3213 11234
βn 89 331 1159 3944 13139

Table 1. Upper bounds for the Besicovitch constant.

its flattened version [Smi,§3.1], we get our lower bound:M(n, r) = A(n, φ) grows exponentially
to base at least

1
sinφ

=
r

2

√
r2

r2 − 1
.

Remember that we haveβn ≤ M(n, 4) + M(n, 3) + 1. Thus the results above onM(n, r)
show that the exponential growth of the Besicovitch constantβn, like that ofM(n, 4), is to base at
least8/

√
15 ≈ 2.065 but at most4c ≈ 2.641.

For smalln, the Levenshtĕın bounds above give the bounds forβn shown in Table 1. For
n = 3, slightly better bounds due to Robinson [Rob] are available. Points in a maximal packing on
the sphere can be triangulated, and tend to be arranged locally in regular polygons. Considering the
areas of squares and equilateral triangles of sideφ on the sphere, Robinson gets the bound

A(3, φ) = M(3, r) ≤ 24
(
δ + θ − γ

2θ − δ

)
,

where in terms ofy = (r2 − 2)/(r2 − 1), the anglesγ, δ andθ are given by

sin γ =
r√

2r2 − 2
, cos δ = 1− y2/2,

sin θ =
1− y2/2√

1− y2(3r2 − 4)/r2(r2 − 1)
.

Hereγ is half the angle at a corner of the square, andδ is twice the complement of the angle of
the equilateral triangle. An isosceles triangle having two sides of lengthφ with included angle2δ
will have its other angles equal toθ. This bound is valid whenδ ≥ γ, i.e., whenM(3, r) ≥ 24;
and it showsM(3, 3) ≤ 31 andM(3, 4) ≤ 55, giving β3 ≤ 87. This is just slightly better than the
Levenshtĕın bound.

Forn = 1, trivially M(1, r) = 2, andδ1(r) = 1 + 2b r2c while δ̂1(r) = br + 1c.

Forn = 2, it is clear thatA(2, φ) = b 2π
φ c, soM(2, 2) = 6, M(2, 3) = 9 andM(2, 4) = 12.

Thus we have19 ≤ β2 ≤ 22. In fact, β2 = 19 (see Figure 3(a)). The details of the proof are
not very illuminating. We must consider three cases, depending on the number of balls in the outer
shell. Figure 3(b) shows the case where12 are in the outer layer, with the maximum possible gap
between two of them. The inner ball between those two is centered at a distancer > 2, wherer
is unfortunately large enough to makeM(2, r) = 7. However we can see that the other balls in
the inner ring must be quite a bit closer to the origin. We must use this to rule out the possibility
of finding seven in the inner ring. In fact, any way of allocating the total gap in the outer ring to
even two of the inner balls must put them far enough in to prevent getting a ring of seven. The same
kind of argument works if the outer shell contains eleven balls, to show that eight cannot fit in the



226 John M. Sullivan

(a)

(c)

(b)

(d)
Figure 3. The Besicovitch constant for the plane is19: no more than19 disks can be packed into a disk of five
times the radius. (a) Exactly19 disks from the hexagonal packing will fit. (b) We try to fit more in by squeezing
them outward, but we still cannot fit seven in the inner ring. (c) In fact,19 disks will fit in a disk of somewhat
less than five times the radius, in this way. (d) We have doubled the sizes in the arrangement from (c) (to show
the original Besicovitch covering) while moving the balls outwards a bit so that the centers are strictly outside
the other balls, while the open balls still intersect.
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inner shell. If there are only ten balls in the outer shell, we must consider simultaneously the three
outermost balls in the inner shell, in order to show nine balls will not fit there. Detailed proofs along
these lines are given in [BE] and [Rei]. Probably the same kind of proof could be extended to prove
that δ̂2 = 19, but we would have to consider further cases for the innermost points.

In Figure 3(c), we see that even though20 balls will not fit in our disk of radius5, we can fit19
into a smaller disk, of radius1 + 2

√
2 +
√

3 ≈ 4.8637. Figure 3(d) shows how these packed balls
relate to those of twice the size, which formed the original 0-controlled family.

We summarize the results of this section in the following theorem.

Theorem. The Besicovitch constantβn grows exponentially withn, to base at least8/
√

15
and at most2.641. We haveβ1 = 5, β2 = 19, andβ3 ≤ 87; for n < 8, βn is bounded above by the
values in Table 1.

5. Lower bounds by explicit construction

The author has recently performed experiments with Brakke’s Surface Evolver program [Bra]
to find packings, and thus establish lower bounds onβn, for n < 6. One energy available in the
Evolver is a repulsive charge density on a set of vertices, with variable inverse power law. We putk
points constrained on a sphere of radius2, andm points within a concentric ball of radius3/2, with
one fixed at the center. Starting with power2, we minimize the energy while gradually increasing
the power to “harden” balls around the points. We try to evolve to get all distances to be at least one.
It is usually necessary to increase the power to several thousand to get the desired results.

Forn = 3 we have succeeded in packing67 points. We can do this either with51 in the outer
shell and15 in the middle shell, or with52 and14 as shown in Figure 4. It seems quite unlikely
that this can be improved, so probablyβ3 = 67. In fact, even letting the central point move from the
origin does not seem to let us fit68 points into the ball, so we expect alsoδ̂3(4) = 67.

The Codemart group at Bell Labs [HSS] has produced spherical codes of up to130 points in
dimensionsn < 6, with programs that test different combinatorial possibilities for locally rigid
packings. It is quite likely that these are the best possible codes, unlike the results of our Evolver
experiments which never get quite rigid. They have shownM(3, 3) ≥ 28 andM(3, 4) ≥ 52; they
fail, as we did, so find a way to put53 points in the outer shell. In dimensions four and five, however,
M(n, 4) > 130 so no Codemart data is available to confirm our results.

In dimension four, we succeed in fitting198 points in the outer shell, soM(n, 4) ≥ 198.
However it seems best to use slightly fewer in constructing a packing of the whole ball. We do best
with 192 points in the outer shell and33 in the middle shell. Thus we have shownβ4 ≥ 226. Again,
we do no better if we let the central point wander, so we conjectureδ̂4(4) = β4, and this is likely to
be close to226 if not exactly equal.

In dimension five, we succeed with620 points in the outer shell and60 in the middle shell.
Thus we knowβ5 > 680. We have made no attempt to find a best lower bound, though we expect
this one is good to within five percent. The following theorem summarizes these results.
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Theorem. The Besicovitch constantβn for n = 3, 4, 5 is bounded by

67 ≤ β3 ≤ 87 226 ≤ β4 ≤ 331 681 ≤ β5 ≤ 1159.

We expect the true values are close to these lower bounds.

6. The covering theorem

In this final section we prove the covering theorem, and show that it in fact holds for the
constantβn we have studied. Our proof differs from those in the literature only in the way we more
cleanly handle the “fudge factor”ε.

Theorem. Suppose we have a setA ⊂ Rn covered by a familyC of closed balls of bounded
radii, such that for eacha ∈ A, there is a ball inC centered ata. Then we can find subfamilies
Ci ⊂ C, i = 1, . . . βn, such thatA ⊂

⋃
i

⋃
Ci, and the balls in eachCi are disjoint.

Proof. As noted before, it suffices to prove the theorem forβn(ε) for arbitraryε > 0. Start
with all Ci empty andC ′ = C, and proceed by transfinite induction. At each successor step, pick an
almost largest ball fromC ′—if the supremum of diameters is not attained, any ball within a factor
of 1+ε of the largest will do. Add this ballB to any one of theCi whose union it does not intersect.
We will show below that this is possible for somei. Then remove all balls centered withinB from
C ′. (At a limit step, we just letCi for eachi be the union ofCi at the preceding stages, andC ′ the
intersection of the precedingC ′.)

We now just have to check that someCi is available at each stage. If not, for eachi, there is a
ballBi ∈ Ci which intersectsB. Then we claim theBi together withB form anε-controlled family.
If Bi was chosen beforeBj , thenBi cannot contain the center ofBj . Also,Bj is almost smaller
thanBi. This means that we also have the center ofBi almost outsideBj : sinceri ≥ rj/(1 + ε),

|xi − xj | ≥ ri ≥ rj − εri.

Furthermore,B is an almost smallest member of the family, since it was chosen last. So the fact that
eachBi intersectsB contradicts the definition ofβn(ε).

Remark. Althoughβ1 = 5, in R1 a different (trivial) proof can be given of the Besicovitch
Theorem, showing that it is in fact valid for the constant2. In higher dimensions, the constantβn is
the one naturally arising in the known proof.

The following corollary proves a result more like standard Vitali covering theorems, under one
additional assumption aboutC.

Corollary. SupposeC coversA as in the theorem, and additionally, each point ofA is the
center of arbitrarily small balls inC. Then for any Borel measureµ onRn with µ(A) < ∞, there
is a disjointed subfamilyC0 ofC which coversµ-almost all ofA.
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Proof. Apply the theorem to(C,A), to coverA = A0 by βn disjointed families. One of
these must cover at least1/βn of theµ-measure ofA. Pick any fixedρ < 1/βn. Then there is finite
subcollectionD0 of the disjointed family in question, which covers at leastρ of the measure ofA.

LetA1 = A0a
⋃
D0;A1 is an open set with no more than1−ρ times the measure ofA0. Because

it is open, it is covered by the subfamilyC1 of all balls ofC entirely contained inA1; together
(C1, A1) again satisfy the hypotheses of the corollary. Repeating the process, we get at theith stage

a finite disjointed collectionDi which coversAiaAi−1, whereAi+1 has onlyρi+1 of the measure
of A. The union of all these collectionsDi is the desired disjointed cover of almost all ofA.
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Figure 4. We see the centers of67 spheres which are packed into a ball of five times the radius. To see the
structure, we have drawn lines between any pair at distance less than1.4. The heaviest lines connect the centers
of the52 spheres in the outer layer, while thinner lines connect these to the14 in an inner layer, and the thinnest
lines connect the latter to each other and to the one center fixed at the origin.


