
Math 302

The Area and Angles of a Spherical Triangle

Using calculus, it is possble to prove that the surface area of a sphere S2(r) of radius r is 4πr2.
However, for simplicity, we will call the total surface area of the sphere S.

On a sphere, draw one complete great circle. Pick some angle α. To start with, try α = π/3.
(Our work today will be simpler if we measure all angles in radians.) Draw a second great circle at
angle α to the first. What are all the different angles at the two points where the circles intersect?

The four regions on your sphere are called lunes, since at any time the portion of the moon which
is both visible and lit is such a lune. Can you tell what the area of each of the lunes on your sphere
is, in terms of the angle α you started with? Just look at what fraction of the sphere is in each
region to deduce the areas; we won’t try at this point to give a rigorous definition of area. Try
some more specific examples, like: α = π and α = π/2. Then find the formula for the general case.

By drawing a third great circle, we can make a triangle with two other angles β and γ. (If we
had been given a small triangle to start with, we would want to extend each of its three sides to
be a full great circle, to get this same picture.) How many regions are there on the sphere now?
What can you say about opposite regions?

Fix your attention on the original triangle, and call its area T . Its angles, remember, are α, β, γ.
Opposite the angle α is one side of the triangle, and across this side is another (triangular) region
on the sphere—call its area A. Similarly, label the areas of the other adjacent regions B and C.

What are T + A, T + B and T + C in terms of α, β, γ, and S? What is T + A + B + C? Use
these formulas togehter to solve for T in terms of α, β, γ, and S.

Finally, what is the sum α+ β + γ in terms of T and S?
Why is it impossible to draw on the plane a perfect map of even a little piece of the sphere? That

is, why does your map have to make at least some distortions? Why can’t you have an isometry?
Note that the calculation you did doesn’t work for all trilaterals. It only works for small triangles

such that each side is less than half the circumfrence of the sphere. (Why?) How would you deal
with more complicated trilaterals, such as the witches hat?


