
Math 317 C1 John Sullivan Spring 2003

Notes on ninth and tenth homeworks

4.5.6: The center of Sn is trivial for n > 2. An element of the center would be conjugate
only to itself. But we know that the conjugacy classes in Sn correspond to cycle types, and
for any given nontrivial cycle type there are at least two elements of that type.

4.5.9,10,11: The cycle τ = (12)(34) ∈ Sn has has 1
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elements of the form (ab)(cd). Its centralizer must have order 8(n − 4)!. It commutes with
eight elements of S4, including (12), (34) and the other two elements (13)(24) and (14)(23)
of the same cycle type. It also commutes with all of the Sn−4 (permuting 5, 6, . . . , n) since
disjoint cycles commute. Since we know the order of the centralizer, we know we have found
all of it. So the centralizer of τ has at most 8(n− 4)! elements,

14.1: The rotations of the cube form the group S4, as can be seen by their action on the four
body diagonals. The elements, by conjugacy class are: one identity element; six 90◦ rotations
of order four around axes connecting the midpoints of opposite faces (corresponding to four-
cycles in S4); the squares of these (three 180◦ rotations of order two around the same axes,
corresponding to products of two two-cycles); eight 120◦ rotations of order three around body
diagonals connecting opposite vertices (corresponding to three-cycles); and six 180◦ rotations
of order two around axes connecting the midpoints of opposite edges (corresponding to two-
cycles).

14.2: Consider the determinant as a homomorphism from On to {±1}. The kernel of this
map is, by definition, SOn. Restricted to G, the kernel is H. Either the determinant is
always +1 on G, meaning that H = G, or the homomorphism is onto. In the latter case,
G/H ∼= {±1}, so [G : H] = 2.

14.3: We know that any orientation-preserving isometry φ of the plane can be written as a
product of an isometry φ0 ∈ SO2 fixing the origin and translation Tv. The elements of SO2

are rotations: φ0 = R0,θ. If θ = 0, then φ = R0,0Tv = Tv is a translation, and can be written
as the product of two reflections (across parallel lines perpendicular to v). If θ 6= 0, we claim
φ is a rotation Rp,θ about some different point p; the desired result then follows since that
rotation is the product of two reflections (across lines through p). To check the claim, we
show that φ has a unique fixed point p. This can be done algebraically with a system of
two linear equations for the coordinates of p, coming from the matrix representation of R0,θ.
Geometrically, we can draw the perpendicular bisector between 0 and φ(0) = v, and draw
the bisector between any other pair x and φ(x). The desired point p will be the intersection
point of these two lines.


